In this paper, we study Lorentzian hypersurfaces in Minkowski 5-space with non-diagonalizable shape operator whose characteristic polinomial is (t − k 1 )
Introduction
Let M be an n-dimensional submanifold of a semi-Euclidean space E m s and x : M → E m s an isometric immersion. M is said to be biharmonic if x satisfies ∆ 2 x = 0, or, equivalently, ∆ H = λ H where ∆ and H are the Laplace operator and mean curvature vector of M , respectively. Biharmonic hypersurfaces are studied by many geometers, after it is conjectured that every a submanifold of a Euclidean space is minimal by Bang-Yen Chen (see [5, 6] ).
Note that, there are some results on hypersurfaces of Euclidean spaces which provide affirmative partial solutions to Chen's original biharmonic conjecture, [4, 9, 13, 14] . For example, Yu Fu has studied biharmonic hypersurfaces in E 5 with at most 3 principle curvatures and he has proved that the conjecture is true for this case, [12] .
On the other hand, in semi-Euclidean spaces, there are non-minimal (or non-maximal) biharmonic submanifolds. In other words, Chen's conjecture is not valid if the ambient space is semi-Euclidean. For example, some non-minimal biharmonic surfaces in E 4 1 and E 4 2 were obtained in [7] and [8] . In particular, some results on biharmonic submanifolds of semi-Euclidean spaces have been appeared recently, [1, 2, 3, 10, 11, 17] . For example, in [1] Arvanitoyeorgos et al. proved that all biharmonic Lorentzian hypersurfaces in Minkowski 4-space are minimal. Futher, they also proved that a biharmonic hypersurface in E 4 s has constant mean curvature in [2] . In addition, in [17] , Papantoniou et al. proved that a nondegenerate biharmonic hypersurface with index 2 in E 4 2 with is minimal. In this work we study biharmonic Lorentzian hypersurfaces in Minkowski 5-space with nondiagonalizable shape operator with at most 3 distinct eigenvalues. After we give basic definitions and notation in Section 2, we obtain our main results in Section 3.
The hypersurfaces we are dealing with are smooth and connected unless otherwise stated.
Prelimineries

Basic notation, formulas and definitions
Let E m s denote the pseudo-Euclidean m-space with the canonical pseudo-Euclidean metric tensor g of index s given by
, denotes the indefinite inner product of E m s . Consider an n-dimensional immersed semi-Riemannian submanifold M n r of the space E m s . We denote Levi-Civita connections of E m s and M by ∇ and ∇, respectively. Then, the Gauss and Weingarten formulas are given, respectively, by
for all tangent vectors fields X, Y and normal vector fields ζ, where h, ∇ ⊥ and A are the second fundamental form, the normal connection and the shape operator of M , respectively. Note that shape operator and the second fundamental form are related by h(X, Y ), ζ = A ζ X, Y . The Gauss and Codazzi equations are given, respectively, by
where R is the curvature tensor associated with connection ∇ and∇h is defined by
Lorentzian hypersurfaces in E 5 1
Let M be an oriented Lorentzian hypersurface in E 5 1 with non-diagonalizable shape operator S. It is well-known that the matrix represantation of S with respect to an appropriate frame is in one of the following forms.
for some smooth functions k 1 , k 3 , k 4 and a, (see [15, 16] 
Note that if (2.7a) is satisfied, then M is said to be an H-hypresurface, [13] or a bi-conservative hypersurface, [11] . Moreover, we call (2.7b) as biharmonic equation.
Biharmonic Lorentzian hypersurfaces
In this section we focus on Lorentzian hypersurfaces with the shape operator given in case II and case III of (2.5) seperately.
Case II
We consider the case II in (2.5), i.e., the shape operator is
) = e 4 (s 1 ) = 0. Moreover, Codazzi equation (2.4) for X = e 1 , Y = Z = e 2 gives e 1 (s 1 ) = 0 which implies s 1 is constant which yields a contradiction. Hence, we have
which imply
On the other hand, biharmonic equation (2.7b) becomes e 4 e 4 (k 4 ) + (ω 24 (e 1 ) + ω 14 (e 2 ) − ω 34 (e 3 )) e 4 (k 4 ) = k 4 (2k
From (3.1) we see that the only non-zero terms of second fundamental form of M are h(e 1 , e 2 ) = −k 1 N, h(e 2 , e 2 ) = −N, h(e 3 , e 3 ) = k 3 N, h(e 4 , e 4 ) = k 4 N, (3.4) where N is unit the normal vector field associated with the orientation of M . We apply the Codazzi equation (2.4) for X = e i , Y = e j and Z = e k for each triplet (i, j, k) in the set {(1, 4, 4), (2, 4, 4) , (3, 4, 4) , (4, 3, 3) , (2, 1, 1), (1, 3, 3) , (3, 1, 2), (1, 3, 2), (3, 1, 1)} and combine equations obtained with (3.2), (3.4) to get ω A4 (e 4 ) = 0, A = 1, 2, 3, (3.5a) On the other hand, because of (3.2b), we have [e A , e 4 ](k 4 ) = e A e 4 (k 4 ). We compute the left hand side of this equation by using (3.2b) and (3.5a) and obtain e A e 4 (k 4 ) = e A e 4 e 4 (k 4 ) = 0.
(3.8)
Now, we want to show
By combaining (3.6a), (3.6b) and (3.5e) with the Gauss equation R(e 3 , e 2 , e 4 , e 1 ) = 0, we obtain
From which and (3.6b) we have
Note that (3.5b) implies
By taking into account e 3 (2k 1 + k 3 ) = 0, we use (3.11) to compute the right-hand side of the above equation and we get
On the other hand, by applying e 3 to (3.3) and using (3.8) we have e 3 (ω 24 (e 1 ) + ω 14 (e 2 ) − ω 34 (e 3 )) e 4 (k 4 ) = k 4 e 3 (2k
By combaining (3.10), (3.12) and (3.13), we obtain
which gives
on the open subset O = {m ∈ M |e 3 (k 1 )| m = 0} of M . By applying e 3 to this equation and using (3.10), (3.12) we get k 1 = k 3 on O which is a contradiction unless O is not empty. Hence, we have proved (3.9). Therefore, (3.5e), (3.10) give
By a similar way, we obtained By summing up the equations obtained sofar and using Gauss equation (2.3), we obtain the following lemma.
Lemma 3.1. Let M be a Lorentzian hypersurface in E 5 1 with the shape operator given by (3.1). Then the funnctions ξ = ω 14 (e 2 ) and η = ω 34 (e 3 ) satisfy
Now, we are ready to prove the following classification theorem Theorem 3.2. Let M be a Lorentzian hypersurface in E 5 1 with the shape operator given by (3.1). Then M is biharmonic if and only if it is minimal.
Proof. First, we want to prove the necessary condition. Let M be a non-minimal biharmonic hypersurface. Note that if M has constant mean curvature, then biharmonic equation (3.3) implies s 1 = 0. Thus, we have k 1 = −s 1 /2 is non-constant. Because of Lemma 3.1, (3.19) is satisfied.
By combaining (3.19a ) and (3.19b) with (3.5b) and (3.6b) we obtain
2 from which and (3.2a) we get We also put ω 24 (e 1 ) = τ 1 , ω 14 (e 2 ) = τ 2 and −ω 34 (e 3 ) = τ 3 and biharmonic equation (2.7b) becomes e 4 e 4 (κ) + (τ 1 + τ 2 + τ 3 ) e 4 (κ) = 4κ 3 . 
